DAMTP 98-88 



|hep-th/ 9807186 



Superconformal Symmetry in Six-dimensions 
and Its Reduction to Four 



Jeong-Hyuck Park* 

Department of Applied Mathematics and Theoretical Physics 
University of Cambridge 
Silver Street, Cambridge, CBS 9EW, England 



Abstract 

Superconformal symmetry in six-dimensions is analyzed in terms of coordinate 
transformations on superspace. A superconformal Killing equation is derived and 
its solutions are identified in terms of supertranslations, dilations, Lorentz transfor- 
mations, i?-symmetry transformations and special superconformal transformations. 
The full superconformal symmetry, which is shown to form the group OSp(2,6|A), 
is possible only if the supersymmetry algebra has N spinorial generators of the same 
chirality, corresponding to (iV, 0) supersymmetry. The i?-symmetry group is then 
Sp(iV) and the corresponding superspace is R 6 ' 8JV . We define superinversion as a map 
to the associated superspace of opposite chirality. General formulae for two-point 
and three-point correlation functions of quasi-primary superfields are exhibited. The 
superconformal group in six-dimensions is reduced to a corresponding extended super- 
conformal group in four-dimensions. Superconformally covariant differential operators 
are also discussed. 
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1 Introduction 



Theories with extended super symmetry in four-dimensions may have a close relation to sim- 
pler theories in higher dimensions, as dimensional reduction of the latter often leads to the 
former. In particular, reductions of the six and ten dimensional N — 1 supersymmetric the- 
ories yield N = 2 and N = 4 supersymmetric theories in four- dimensions. Six-dimensional 
supersymmetric theories have been studied some time ago by various authors, e.g. |T|-f|. 
More recently there is evidence from M/string theory for the presence of renormalization 
group fixed points in six- dimensions and hence the existence of non-trivial six-dimensional 
theories with superconformal invariance; see ||[7|] and references given there. It remains an 
open problem to construct explicitly six-dimensional superconformal theories in a super- 
space formalism, although some actions have been proposed in terms of component fields 
- scalar, spinor and two-form tensor fields @, 3 such that the three-form formed by its 
exterior derivative is self-dual. Note that in six- dimensions the self-duality condition is a 
real constraint with Minkowskian signature and theories with a two-form field may be con- 
formal, since, in general, under conformal transformations the exterior derivative of p-form 
transforms homogeneously only in d = 2{p + 1) dimensions. 

It is well known that conformal transformations may be defined for spacetimes of any di- 
mension. However, not all spacetime dimensions allow the corresponding supersymmetry 
algebra to be extended to a superconformal algebra. All possible superconformal algebras 
were analyzed by Nahm based on the classification of real simple Lie superalgebras |T 



According to |10| the standard supersymmetry algebra admits an extension to a supercon- 
formal algebra only if d < 6. In particular, the highest dimension admitting superconformal 
algebra is six and in d = 4, 6 dimensions, which are of our interest in this paper, the bosonic 
part of the superconformal algebra is 

d = A- o(4,2)©u(JV), iV^4 or o(4, 2) © su(4) 

(1.1) 

d = 6; o(6, 2) © sp(iV) 

On six-dimensional Minkowskian spacetime it is possible to define Weyl spinors of oppo- 
site chiralities and so the six- dimensional supersymmetry may be denoted by two numbers, 
(N,N), where N and N are the numbers of chiral and anti-chiral supercharges. The R- 
symmetry group is then Sp(iV) x Sp(iV). The analysis of Nahm shows that to admit a 
superconformal algebra either N or N should be zero. Although both (1, 1) and (2, 0) su- 
persymmetry give rise N = 4 four-dimensional supersymmetry after dimensional reduction, 



only (2, 0) supersymmetry theories can be superconformal Jl2[ . 

The above analysis is essentially based on the classification of real simple Lie superalgebras 
and identification of the bosonic part with the usual spacetime conformal symmetry. This 
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approach does not rely on any definition of superconformal transformation in superspace. 
In fact, by analyzing possible forms of the commutators between conformal symmetry and 
supersymmetry and ensuring compatibility with the Jacobi identity, the six-dimensional 
superconformal algebra may be constructed ||. 

In this paper, we analyze six- dimensional superconformal symmetry directly in terms of 
coordinate transformations on superspace. The superconformal group is independently de- 
rived and we also obtain concise formulae for correlation functions of superfields which 
transform simply under superconformal transformations. This approach has previously 
been applied in four-dimensions; for the analysis of superconformally invariant correlation 
functions in four-dimensions see our earlier work which follows analogous discussions 



in the non supersymmetric case [p^,[15|. General discussions of superconformal invariance 
in four spacetime dimensions are contained in \TE, 17 1 which have further references. 
The organization of this paper is as follows. In section 2, we review six-dimensional (JV, JV) 
supersymmetry. For six-dimensional Weyl spinors a pseudo-Majorana notation [^] is in- 
troduced, which simplifies the formalism significantly. In section 3, we first define the 
six- dimensional superconformal group in terms of superspace coordinate transformations 
as a generalization of the definition of ordinary conformal transformations. We then derive 
a sufficient and necessary condition for a supercoordinate transformation to be supercon- 
formal. The general solutions are identified in terms of supertranslations, dilations, Lorentz 
transformations, i?-symmetry transformations and special superconformal transformations 
for (JV, 0) supersymmetry. On the other hand, if JV, JV > 0, we show that although scale 
transformations may be introduced, there exist no special superconformal transformations 
as expected from Nahm's result. We also define superinversion as a map from (JV, 0) 
superspace to (0, JV) superspace. The (JV, 0) superconformal group is identified with a su- 
permatrix group, OSp(2,6|JV) having dimensions (28 + JV(2JV + 1)|16JV). In section 4, we 
obtain an explicit formula for the finite superconformal transformations of the supercoor- 
dinates. We also discuss about functions depending on two or three points in superspace 
which transform covariantly under superconformal transformations. These functions are 
crucial to obtain two and three points correlation functions later. In section 5, the (JV, 0) 
superconformal group in six- dimensions is reduced to a corresponding superconformal group 
in four-dimensions. In particular, the i?-symmetry group is reduced from Sp(JV) to U(JV) 
if JV ^ 4 and SU(4) if JV = 4, as in eq.( |l.l| ). In section 6, we discuss the conditions of 
superconformal invariance for correlation functions for quasi-primary superfields. General 
forms of two-point and three-point functions are exhibited and explicit formulae for two- 
point functions of superfields in simple cases are given as well. In an appendix, some useful 
equations and (JV, 0) superconformal algebra are given. Superconformally covariant differ- 
ential operators are also discussed by considering the conditions for superfields formed by 
the action of spinor derivatives on quasi-primary superfields to remain quasi-primary. 
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2 Super symmetry in Six-dimensions 

With the six-dimensional Minkowskian metric 77 AB = diag(+l, — 1, — 1 • - - — 1), the 8x8 
gamma matrices, T A , A = 0, 1, • • -5, satisfy the Clifford algebra 

T A T B + T B T A = 2r] AB (21) 

The gamma matrices for even dimensions can be chosen in general to have the form 
where the generalization of 75 is diagonal 

r 7 = r^r^r 4 ! 5 = ( J _° x j (2.3) 

We also assume the hermiticity condition 

r°r At r° = r A (2.4) 

The 4x4 matrices, 7^,7^ satisfy from eq.( |2.1| ) 

7V + 1 B 1 A = 2V AB (2.5) 

and 

tr( 7 A 7 B ) = Ar] AB (2.6) 

From eq.( |2.4|) we have 

7 V t 7° = 7 A 7 Af = 7A (2.7) 

In six- dimensions, j A , ^j A may also be taken to be anti-symmetric 

(7 A U = -(7 A W (7 A ) Q/? = -(7 A ) /3Q (2.8) 

{7^} and {7^} are separately bases of 4 x 4 anti-symmetric matrices so that 

(i A U(iaV S = 2(5 a y - SJSj) (2.9) 



with the coefficient determined by eq.( |2.6|) . 

{7^7^, 1} also forms a basis of general 4x4 matrices with the completeness relation 

" !(7 [A 7 B] )/(7[^] V + \8 a %* = 5J8J (2.10) 
3 



With this choice of gamma matrices we get[] 

{l A ) a p = \e aPl s{l A V 5 (2-lla) 

[<fy*f> = i e ^( 7 ^) 7<5 (2.11b) 

The supersymmetry algebra has the standard form 

{Q a ,Q b } = 25 a b T A P A (2.12) 

The eight-component spinorial supercharge, Q a and Grassman variable, $ a (a = 1, 2, • • • N) 
can be written in the basis given by eqs. (|2.2j, p.3|) 



Q a = ( qI ) Qa = Q af r° = Q+) (2.13) 
^ a =(^) ^ = tf at r° = fc^) (2-14) 

where the superscripts/subscripts ± denote Weyl spinors. 

With the decomposition (|2.13|) and ( [2.1 4|) we define for 1 < % < 2N 



Q< = ( My ) * = ( (£■ ) < 2 15) 

91 = ( (£> ) * = ( ) (2 - l6) 

With these definitions the supersymmetry algebra (|2.12|) is equivalent in six- dimensions to 

{Q\ (Q j Y} = 2£ ij j A P A (2.17a) 

{Q\ (Q j Y} = 2£^ A P A (2.17b) 

where £ y is 

and the inverse, is defined by S^Sjk = 8 l k 



S" = ° S } ) (2.18) 



c 



1 We put ei234 = e 1234 = 1. See Appendix A for further discussion. 
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Q l , 9 l , Q l , 9 i satisfy the pseudo-Ma jorana conditions 

Qi = Q l h° = (Q j )%i Qi = Q lt i° = (Q j y£ji (2-20) 

e t = fl^ = h = 0ty> = ^jysji (2.21) 

which give 

^ a Q a + Q a r = Q i e i + Q l ¥ (2.22) 

Q i 9 i = W Qfi = (2-23) 

The six-dimensional supersymmetry algebra obtained here can be generalized by replacing 
eq. fl2TTTfJ ) by 

{Q\ (Q 3 )*} = 2S~^ A P A i, j= 1, 2, • • • , 2N (2.24) 

with £, the appropriate anti-symmetric matrix, so that with eq. fl2.17al) they form the six- 
dimensional (N, N) supersymmetry algebra. The above discussion therefore demonstrates 
that the supersymmetry algebra ( |2.12j ) corresponds to (N, N) supersymmetry. 
The exterior derivative, d, on superspace with coordinates z A = {x A , 9 ia , 9 l a ) , is defined as 

d = dz A J?-r = e A D A = e A d A + d6 ia D ia + d9\W (2.25) 
oz A 

where e A = (e A , d9 ia , d9 l a ) are supertranslation invariant one forms 

e A {z) = dx A - %9a A d9 i - i9ff A d9 % (2.26) 
and D A = (8a, Di a , Df) are covariant derivatives 

D <*=-^-^ A )*h b ° = w- l{hlA) °h (2 ' 27) 

a 

satisfying the anti-commutator relations 

{D ia , D j(3 } = -UEiffy&A { Df, D?} = -2i£ % ff A ^d A (2.28) 
Under an arbitrary superspace coordinate transformation, z — > z', e A and Da transform as 

e A (z>) = e B (z)K B A (z) D' A = TZ' 1 A B (z)D B (2.29) 
so that the exterior derivative is left invariant 

e A {z)D A = e A {z')D' A (2.30) 
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3 Superconformal Symmetry in Six-dimensions 

The superconformal group is defined here as a group of superspace coordinate transforma- 
tions, that preserve the infinitesimal supersymmetric interval length, e = ij^e e 
upto a local scale factor, so that 



e\z) -> eV) = ^(z;<?)e^) 



where f2(z; g>) is a local scale factor. 
This requires 



e A (z') = e B (z)R A (z;. 



and 



giving 



RA(z;g)RB(z;g)vcD = ti\z-g)r] AB 



det R(z;g) = n 6 (z;g) 
To ensure eq.( |3.2|) , 7Z A B (z; g) in eq. (|2.29|) must be of the form 



( R 



n A B {z-g) 



o 



V 



o 



Dtp* Dfe$ j 



To achieve the form ( |3.5| ) we must impose 

D ia x' A + W'f'DJP + i&fi A D ia = 



(3.1) 

(3.2) 
(3.3) 
(3.4) 



(3.5) 



(3.6a) 



while R A B is given by 



Dfx' A + i6'MD?6'i + i6'MD?6'j = 



□ , , dx' B .-. B <9^ .~,» B ^ 



<9x A 



<9x A 



<9x A 



(3.6b) 



(3.7) 



and R(z; g) must also satisfy eq. ( |3.3| ). R(z; g) forms a representation of the superconformal 
group, since under the successive superconformal transformations, z — z' — > z" giving 



— > z", we have 



R(z;g)R(z';g') = R(z;g") 



(3.J 
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Infinitesimally z' ~ z + 5z } eq.( |3.6a ) gives, if A^ > 0, 

D ia h A = -2i{\ a A )c 

and for N > 



where we define 



X = 59 i ~\ l = 5$ 
h A = 5x A - ie il A 56 i - ie~^ A 56 l 



Infinitesimally R A from eq. ( [3.7|) is of the form 

R A B ~ 5/ + ^/i B 

so that the condition ( |3.3| ) reduces to the ordinary conformal Killing equation 

d A h B + d B h A oc 7]ab 

This result follows from eq.( |3.9| ), since using the anti-commutator relation for Di 
we get from eq.( p.9|) 



and hence 
which implies 



eijd B h A = \ (D ia (\n A iB) a - D ja C\ a A iBT 



8ij(d A h B + d B h A ) = l(D ia \? - D ja \f)r] AB 

d A h B + d B h A = 2pr] AB 
D ia Xj - D ja Xf = A P 8 t] 



(3.9) 

3.10) 

3.11) 
3.12) 

3.13) 

3.14) 
281) 



3.15) 
3.16) 

(3.17a) 
(3.17b) 



A similar equation may also be obtained from eq.( 3.10|) . 

Hence eqs.( [3.9| , |3.10| ) are sufficient and necessary conditions for (N, N) superconformal sym- 
metry, although if A^ = eq. (|3.9|) alone is sufficient.0 



2 While this work was being completed, similar equations to 3.14) were discussed by Grojean and 
Mourad HI. 
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In six-dimensions there is a unique correspondence between a general six vector, v A , and 
an anti-symmetric matrix, v a/ g or v a/3 through 

v af 3 = v A j Aaf3 v A = itr(7 A v) (3.18a) 

v Q/3 = v a Ta v a = ±tr( 7 A v) (3.18b) 

where 

v Q/3 = \e aPl s^ 5 v a(3 = \e a ^\s (3.19) 
With this notation and using eq.(|2.9|), eq.(|3.9|) is equivalent to 



D ia h^ = |(5/ D lS h^ - 8^D i5 9P) (3.20) 

and Af is given by 

Xf = i^DiphP" (3.21) 
Eq.( |3.20D may therefore be regarded as the fundamental (N, 0) superconformal Killing equa- 



tion. 

To solve these equations we first write a general solution of eq. p.!4| ) as 

h\z) = a A (6) + \(6)x A + w A B (6)x B + 2x-b(9)x A - x 2 b A (6) (3.22) 
where wab(9) + wba{9) = 0. It is convenient to introduce the variables 

x± = x ± 2i9% (3.23) 

where 

i _ r, r, _ r,0rit z,0 



x ± = -x T a ± = 7 a t 



x ± = 7°x^7° (3.24) 



Then eq.( |3.22| ) can be written in terms of h = h A ^A as 

h(z) = x_b(#)x + + W(6)x + + x_W(0)' + A(0) (3.25) 

where 

W(0) = \w AB m A l B + |A(<9) + 2*0^(0) (3.26) 

A(0) = 5(0) + i\w A B{9){9% 1 B l A - i A ! B e%) + 4(0X0)0^)0*0,- = -{^{0))* (3.27) 

Essentially we may regard W(9) as an arbitrary 4x4 matrix and A(0) as an arbitrary 4x4 
anti-symmetric matrix. 

The variables, x± defined in eq. (|3.23|) , satisfy 

D fa xf = AiSJd? D lc ^J = -Ai5f9] (3.28) 



which ensures that substituting eq. ( |3.25| ) into eq.( |3.20| ) leads independent equations for 
b(#), W(9), A(9). Here, we outline the method of solution.^ 
Considering the x 2 -terms one can show 

D ia b{6) = (3.29) 

and so b A {6) is independent of 9 and hence eq.( |3.28| ) shows that x_bx + is a solution of 
eq.( |3.20| ). Now focusing on the linear terms in x, one can show 

D ia W^{9) = 6jD^W s s (9) (3.30) 

D ia D jP W\{9) = (3.31) 
These two relations determine W(9) 

W(6) = -AO 1 Pi + u + |A W(ey = -Ap% + (3.32) 
where for ujab = ~^ba 



v = \uab! A 1 B 



& = \uab1 A 1 B 



(3.33) 



and p l a , pi a satisfy 

Pi {p>)%i (3.34) 
W(9)x + + x^W(9) 1 is a solution of eq.( [3.20|) as well. Therefore the remaining terms are 

D ia A^(9) = I A*?(0) - 5^D lS ~A^{9)) (3.35) 

from which one can derive 

D ia D^\6) = ±{8J8g - 5 a s 8f)D ie D jri A^(9) (3.36) 

D ia D jP D kj A(9) = (3.37) 

and so A(9) is at most quadratic in 9. By virtue of these two equations, it is straightforward 
to get the following form of A(9) 

A(0) = -Ai9% j 6j + Ai(e L 9i - e i Si) + a (3.38) 

where , e ia , ef satisfy 



TS + £T = 



£j (^) £ji 



(3.39) 



3 The details of deriving eqs. ,37|) can be found in Appendix B. 
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Each term appearing in eq.( |3.38| ) is an independent solution of eq.([J] 
All together, we now have the following general solution of eq.( |3.20| ) 



h = x_bx+ + (u + §A - 40 i p i )x + - x_ {Co - §A + Ap%) - Ai9% i 9 j + 4z(£^ - 9%) + a (3.40) 
which induces 

\\z) = e { + §A0* + ujff - 8 j Tj 1 + x_b0* + zx_p* - A{p 3 9 l )9 j (3.41) 
We may also rewrite the result ( |3.40 ) as 



5x + = x + bx + — Ax + p l 8i + Ax + + lux + — x + Cu + Aie l 9i + a (3.42a) 

<5x_ = x_bx_ - A9 i p i X- + Ax_ + cjx_ - x_£ - 4z0^ + a (3.42b) 

Furthermore, imposing the reality condition for x A and 0$ = 6^7° gives the following extra 
conditions 

cr 4 * = a A 6 A * = 6 A = uo AB X* = A T t = — T 

(3.43) 

Pi = P if 7° e< = £ if 7° 

The solutions we obtained here read the generators of (N, 0) superconformal transforma- 
tions. 

3.1 (N,0) Superconformal Transformations 

In summary the generators of (N, 0) superconformal transformations in six- dimensions act- 
ing on the six- dimensional chiral superspace, IR^ 8 ^, with coordinates, z A = (x A , 9 % ) can be 
reduced to 

1. Supertranslations 

Sx A = a A - i9a A e i 59 i = e* (3.44) 

2. Dilations 

5x A = Xx A 59* = \X9 l (3.45) 



3. Lorentz transformations, with ui defined in eq.( |3.33| ), 

5x A = u A B x B 59* = (3.46) 
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4. .R-symmetry transformations belonging to Sp(iV), of dimension N(2N + 1), 

5x A = 59 i = -9 i T j i (3.47) 
where the 2N x 2N matrix, T, is a Sp(iV) generator, i.e. T f = — T, T l S + ST = 0. 

5. Special superconformal transformations 

5x A = 2x-bx A - x 2 b A + 6ib6 j OMO 1 + e^l+p 1 



(3.48) 



3.2 (iV,iV), 7V,iV^0 Case 

To get the generators of (N, N) possible superconformal transformations, where both 
N, N ^ 0, we need to require h A to satisfy eq. (|3.10Q as well. 
{D ia , D~} = implies 

D?(\a A )a = -D ia (lfy A )P (3.49) 
Contracting this with jjj* , using eqs.( p.9| , |A.la| ), leads to 



2Dfx^S^ = D ia X^ s (3.50) 

Furthermore considering the contraction with Sp^, it is easy to show D ia X^ = DfXj = 
and so 

D ia D?h A = (3.51) 

Consequently 

D ia d B h A = Dfd B h A = 

(3.52) 

d B d c h A = 

which imply that if N, N ^ then there are no special superconformal transformations as 
in eq.tgggfl. 

The infinitesimal transformations satisfying eq. (|3.1| ) are just 



1. Supertranslations 

Sx A = a A - iQa A ^ ~ i0il A e l 56* = e i 56~ l = e l (3.53) 
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2. Dilations 

8 x a = \x A 56 i = 1X6* 59 l = \\9~ l (3.54) 

3. Lorentz transformations 

Sx A = u A B x B 56 l = uj6 i 59 1 = Cj9 1 (3.55) 

4. /^-symmetry transformations, Sp(iV) x Sp(iV) 

5x A = 59 { = —9 j T j i 5&=-§ s f s i (3.56) 
where T, T are Sp(iV), Sp(iV) generators respectively. 



The supersymmetric interval in this case, which is invariant under supertranslations ( 3.53| ), 
is given by 

Z 12 = ( X 12> ^12) ^12) = ~ Z 21 (3.57) 

where 

x A 2 = xf - x A - %hil A Q{ ~ ihrf A d\ 0[ 2 = 9\-6\ 9\ 2 = 9\-9\ (3.58) 

3.3 Superinversion and Spatial Reflection 

In this subsection we show how superinversion may be defined as a map from M+ 8Ar super- 
space to R 6 } 8N superspace, where R^ 8Ar has coordinates z A = (y A , fa) with fa a having the 
opposite chirality to 9 %a . 

For any z A = (x A , 6 l ) G R+ 8Ar if we define y±, fa, fa by 

y± = -x ± x fa = -iiz 1 9 i fa = ^ l 5c+ 1 (3.59) 

then from eqs. (|2.21| , |3.24|) these satisfy 

y+ - y- = xi 1 (x+ - x_)x^ = Mfafa 

if T° = ¥%i = fa 

Hence 



(3.60) 



Y = Hj + + J-) = -J t = y A lA (3.61) 
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and in consequence z = may therefore use eq.( |3.59| ) to define 

supennversion z — > z as a map, — > R_ 

From eq. (|3.59 ) the inverse i~ x is easily seen to be given by 



x± 



-y± 



-*y: 



ft 



*0i Yh 



(3.62) 



From eq.( ^.26j ) the infinitesimal supersymmetric intervals, e A (z) 1 f A (z) for the and 
R 6 } m superspaces are respectively 

e A (z) = dx A - i9 i j A d9 i 

Under superinversion, e A transforms as 



f A (z) = dy A - i(j)a A d^ 



(3.63) 



f(z) = iT^^xI 1 



or equivalently 



f A {z)=e B {z)R A {z-i) 



R A {z-l) = \tT{x_ 1 lBK l l A ) 



(3.64) 



(3.65) 



If we consider a transformation, z 



z', where g is a (N, 0) superconfor- 



mal transformation, then this becomes a (0, N) superconformal transformation z 



9 , =/ 



To demonstrate we consider the variations Sj + , 
superconformal transformation ( 3.41| , |3.42a|) 



arising from the infinitesimal (N, 0) 



5yn 



- 1 5x + x + 1 = y+ay+ - 4y+eVi - Ay+ + ujj + - y + u + Aip 1 ^ + b 



x 



p 1 - ±A0* + aft - ftT/ + y_a0* + iy.e* - 4(e i 4 )0- ? ' 



Hence, under superinversion, the superconformal transformations are related by 





a 


\ 




( b 






b 






a 












P { 






P { 






e i 






A 






-A 
















I 


T j 


/ 




{ V 


) 



(3.66) 



(3.67) 



which manifestly shows a duality between (N, 0) and (0, N) superconformal transforma- 
tions. In particular, (N, 0) special superconformal transformations ( 3.48Q can be obtained 
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by z — z > z' - — > z' where (6, p) is a supertranslation on R d _\ 8N superspace. 

We may also define a reflection map, tb 5^0, from R+ 87V superspace to R 6 \ 8N superspace 
so that z A — z A by 

^ = | f %A \t B B or y = 7 B x 7 B (3.68) 
and, introducing in addition a Sp(iV) transformation, i?, 



This gives with the definitions (|3.63|) 



f(z) = j B e{z)^ B (3.70) 



r- 1 



B 1-B 

We may now define a map z — 1 —> z > z' or z > z' which leads 

±' ± = -fx^f 9 H = j^Z^iR- 1 )/ Q[ = R^jXl 1 ^ (3.71) 

It is easy to see since x± _1 = — r y B 5t± r y B that 

(or 4 , 0*) ^ (a; A , -6 s (R 2 )- 1 /) (3.72) 

If we choose i? so that 

i? 2 = -1 (3.73) 

then 

i| = 1 (3.74) 
3.4 (TV, 0) Superconformal Algebra 

The generator of infinitesimal (N, 0) superconformal transformations, £, is given by 

£ = h A d A + X ia D ia (3.75) 
If we write the commutator of two generators, £\, £2 as 

[£ 2 , £1] = £3 = ^ 9a + A« (3.76) 
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then h A , A 3 Q are given by 



hf = hfd B h A - t\ 2 a A \\ - (i <-> 2) 

xf = h$d A \r + xi p D jP xr -(1^2) 



and h A , A 3 a satisfy eq. ( |3.9|) verifying the closure of the Lie algebra. 
Explicitly we getfj 

a A = uj a b cl® + X x a A + ieia A e\ - (1 2) 
4 = u x e\ + |Ai4 + i& 2 p\ - 4 V - (1 «-> 2) 
A 3 = 2a 2 -h + 2p u e\ - (1 «-> 2) 



AS 



uj 1c u 2 



+ 2(a A bf - af tf) + 2e 2il [A l B] P [ - (1 - 2) 



°3 



c^fe? - Ai# + ^h7V 2 - (1 <- 2) 

Ps = ^iP2 - | V 2 + ib 2 e\ - piTy* - (1 ~ 2) 

T 3l J = CZlW + 4(e llP2 ' + p u ei) - (1 <- 2) 
Now, if we define a (8 + 2iV) x (8 + 2iV) matrix, M as 



M 



-ib uj 



i& 2e J 
2 A 2p> 



V 2p, 



2ei T, 



then the relation above (|3.78| ) agrees with the matrix commutator 

[M U M 2 ] = M 3 
This can be verified from eqs. (|2.9| , p.lOj ) using 

£iil A £ 2 lA = 2(e[e 2i - e\e u ) 

p\e 2i = \e 2 a [A l B] pYi[AlB] - \£2iP[l 



(3.77) 



(3.78) 



(3.79) 



(3.80) 



(3.81) 



4 From eq.( 3.78 ) we can read off the six-dimensional (N, 0) superconformal algebra. The explicit form 
of it is given in Appendix C. 
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In general, M can be defined as a (8, 2N) supermatrix subject to the two conditions^ 



BMB- 1 
CMC- 1 



where 

B = B- 1 = 
The 8x8 matrix appearing in M 




—ib 



-Af 1 



C 



—13. 

G>-\\ 






1 





1 














-E 



(3.82) 
(3.83) 

(3.84) 



(3.85) 



corresponds to a generator of 0(2,6) as demonstrated in Appendix D. Thus, the (N,0) 
superconformal group in six- dimensions may be identified with the matrix group generated 
by matrices of the form M, which is 0Sp(2, Q\N) = G s having dimensions 
(28 + N(2N + 1)\1QN). 



4 Coset Realization of Transformations 

To obtain an explicit formula for the finite superconformal transformations, we first iden- 
tify the superspace, M+ 87V , as a coset, G s /Go, where Go C G s is the subgroup generated 
by matrices Mq of the form ( 3.79Q with a A = 0, e % = and depending on parameters 
b A } p\ A, Uab, Tj. 

The group of supertranslations, G^, is parameterized by coordinates, z A e R^ 8 ^, and is 
defined in terms of supermatricesf] 



Gt{z) = exp 



where x + is given in eq.( |3.23| ). 
We may write 



/ -ix 26 j \ ( 1 -ix+ 29 j 

= 1 I ( 1.1) 

V 20t J V 26i <V 



G T { Z2 )- l G T { Zl ) = G T (z 12 ) Gt(z)- 1 = G T (-z) (4.2) 



5 We define the transpose of a supermatrix as 
6 The subscript, T, denotes supertranslations. 





b 


)'-( 


a* 




(: 


d 




-6* 


d 4 j 
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where 



z A 

Z 12 



(x 12 , 6\ 2 ) 



-z A 

z 21 



(4.3) 



x f 2 = x f- x £- %e 2 a A Q\ e\ 2 = e\ - e\ 

which defines supersymmetric interval for K+ 87V superspace, as in eq. (|3.58 ). 
In general an element of G s can be uniquely decomposed as GtGq. Thus for any element 
G(g) G G s we may define a superconformal transformation, z — z', and an associated 
element G (z; g) G G by 

G{g)- l G T {z)G {z-g) = G T {z') (4.4) 



If G(g) G Gt then clearly G (z; g) = 1. 
Infinitesimally eq.([4.4|) becomes 



8G T {z) = MGt(z) - G T (z)M (z) 



(4.5) 



If M is given by eq. ( |3.79| ) then letting 5Gt(z) = CGt(z) we may verify that C is identical 
with the form given by eq. (|3.75|) with eqs.( |3.40| , |3.41| ) and further M (z), the generator of 
Go, has the form 



M (z) 



( lu(z) + \\{z) \ 

-ib Cj{z) - \\{z) 2p>(z) 
2Uz) f t Hz 



(4.6) 



)) 



LU(Z 



where the elements of Mq{z) depending on z are given by 

u - + x_b + |tr(4^pi - x-b) 1 
Q + 4:p% - bx + - |tr(4p^j - bx + ) 1 = -Cj{z) % 
\{z) = A + 2b-x + 26 lP l = \d A h A (z) (4.7) 
f { j (z) = Ti 3 + U6iW + 4(pi6i - On?) 
pi( z ) = pi - ihO'J = -i^ A d A \ j (z) 

u(z), Cj(z) can be also written as &(z) = |u>ab(-2)7 A 7' b , Cj(z) = 7& AB (z)j A; y B where 

lo ab {z) = u AB + 4x [A b B] + ^7[ j4 7 B] (2p i - ib9 l ) = -d [A h B] (z) (4.8) 
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The definitions (|4.7| ) may be summarized by 
and they give 



For later use we note 



[Aa, C] = \X{z)D ia -CbJ{z)D i p-T i : >{z)D ja 

D ia QjfP{z) = 4:5Jp il3 (z) - S^p ia (z) 

D ia \(z) = -2p ia (z) 

B ia f 3 \z) = -AS+'piM -^aPiiz) 
The above analysis can be simplified by reducing G (z; g). To achieve this we 



Z = I 1 



1 



and then 



Now if we define 



MqZq = ZqHq 



Z{z) = G T (z)Z 



Cj - \\ 2p> 
Tj 



-zx+ 2Qi 
1 
26i S/ 



then Z(z) transforms under infinitesimal superconformal transformations as 

5Z(z) = CZ(z) = MZ(z) - Z(z)H(z) 

where H(z) is given by 



M {z)Z = Z H(z) H(z) 







T,. 3 (z) 



From eqs. (|3.76| , |3.80| ) we have 

H 3 (z) = C 2 H x {z) - dH 2 (z) + [H 1 (z),H 2 (z)] 
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which gives separate equations for u, A, p % and , thus X 3 = £2^1 — £1X2, etc. 
As a conjugate of Z(z) we define Z(z) by 

2 W -(t»)^-(i^)^-(i ^ tn < 4 - i8 » 

This satisfies 

Z(z) = Z(<d)G T (z)- 1 (4.19) 
and corresponding to eq. (|4.15| ) we have 

8Z(z) = CZ(z) = H(z)Z(z) - Z(z)M (4.20) 

where 



H(z) = ( *'*» + *. A( * > f ° , ] (4.2i; 



4.1 Functions of Two Points 

To consider functions of two points, Z\, Z2, which transform covariantly under superconfor- 
mal transformations, we first define F{z) for z G R+ 8iV by 

*w - ( t + ? ) < 4 ' 22 ' 

This satisfies the conditions 

and the superdeterminant of F(z) is given by 

sdet F(z) = det(-zx + - 4:9%) = det(-isL) 

= det x + = det x_ 

If we consider 



(4.23) 



(4.24) 



1 \ „, s ( 1 -2ii; 1 ^' \ / -i5U 
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then this defines Vj{z) as 

Vj(z) = 5/ + Ai9 i xZ 1 9 j 
From eqs. (|4.24j , |4.25| ) it is evident that 

det V{z) = 1 

and from eg. ( |3.24|) Vj{z) also satisfies eg. (|4.52|) and hence V^(z) G Sp(iV). 
we have 

VM-z) = v-\Hz) = V^Hz) = - uteiW 



We may also show from eq. ( 4.25 ) 

F{z)- 1 



ix 1 



Using the definition of F(z) (|4T22|) , we may now write from eqs.( [4.14"| , [4.18|) 

/ iX 21 -26L ' 



Z(z 2 )Z( Zl ) = F(z 12 ) 



'21 



-29,,, 



where from eq.( |3.23| ) 

X 21 = x 2 _ - Xi+ + U6 l 2 6u 

= x 21 - 2^^021, = (x 21 )_ = -(x 12 )_ 

From eq.( |3.24|) we also have 



X 2 \ = X 12 X 2 \ = -7°^ 127 



where 



X\ 2 = x 12 — 2i9\ 2 9i 2i = —X 2 i — M9 % 21 9 2 u 
Infinitesimally, from eqs. (|4.15| , |4.20|) , F(z\ 2 ) transforms as 

5F(z 12 ) = H(z 2 )F(z 12 ) - F(z 12 )H(z 1 ) 

For consistency with the form Q4.30D it is necessary that 

V{z 2 )-V{z{)-AUz 2 )9i l +A9 2U fP{z 1 ) = 
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In particular, we have from eg. Q4.34 ) 

6X 2 i = 0j{z 2 )X 21 - X 2l ~Qj{ Zl ) + i(A(*i) + \(z 2 ))X 21 

and hence 

sdet F(z 12 ) = det X\ 2 = detA^i 
which is a scalar depending on z\ , z 2 transforming homogeneously 

5det^ 12 = 2(X(z 1 ) + X(z 2 )) det X l2 

From eq.( [4.29| ) we get 



iXu 1 -2iX{ 2 x e{^ 
-2i6 X2i X{ 2 1 V t \z 12 ) 



F(z 12 )- 1 - ' "'- 



From eq. ([4.34 ) F(zi 2 ) 1 transforms as 

8F{z 12 y 1 = H{ Zl )F{z 12 )- 1 - F{z 12 y l H{z 2 ) 
Consistency with the form ( |4.39| ) requires 

<5(zi) - \\{z x ) - Ap\ Zl )e l2i + bX 12 = Cj(z 2 ) - \\{z 2 ) 
Vj{ z 2i) transforms infinitesimally as 

5V{z 21 ) = f(z 2 )V(z 21 ) - V(z 21 )f( Zl ) 

4.2 Finite Transformations 

Finite superconformal transformations are obtained by exponentiation of infinitesimal trans- 
formations. To obtain a superconformal transformation z — — ► 2/, we therefore solve the 
differential equation 



(4.36) 
(4.37) 

(4.38) 

(4.39) 

(4.40) 
(4.41) 
(4.42) 



ds 



z A = C A (z K 



Zq — Z Z\ — Z 



where, with C given in eq. (|3.75| ), C A (z) is defined by 

£ = £ A (z)d A 

From eq. fl4.15| ) we get 



— Z{z 8 ) = MZ{z s ) - Z{z s )H{z s ) 
ds 



(4.43) 

(4.44) 
(4.45) 
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which integrates to 

Z(z s ) = e sM Z(z)K(z, s) (4.46) 

where K(z, s) satisfies 

^K(z,8) = -K(z,a)H(z.) K(z,0)=^l (4.47) 

Hence for s — 1 with K(z, 1) = K(z; g) the superconformal transformation, z — z', from 
eq. (|4.46|) becomes 

Z(z') = G(g)- l Z{z)K(z; g) G(g)- 1 = e M (4.48) 

K(z; g) is a representation of the superconformal group, since under the successive super- 
conformal transformations, z — z' z" giving z > z", we have 

K(z;g)K(z';g') = K(z;g") (4.49) 

In general K(z; g) is of the form 

Since ^-U(z, s) = —U(z, s)T(z s ) and T(z) satisfies the conditions 

ft£ + £f = ft = -f tr(f ) = (4.51) 

U G Sp(iV), i.e. 

Z7*f Z7 = £ f/ f = t/" 1 det 17 = 1 (4.52) 

Similarly L satisfies 

L f = 7 °L'7° (4.53) 
Go (2; g) in eq.(POj) is related to K{z\ g) from eq.( |4.48| ) by 

G (z;g)Z = Z K(z;g) (4.54) 

From eq.( [4.48 ) Z transforms as 

Z(z') = K{z;g)Z(z)G{g) (4.55) 
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where 

K(z;g) 



L{z;gY 
-2E(z;g) TJ-\z;g) 



o r ( ^ } o -e 



(4.56) 



From eqs.( |4.48] , |4.55| ) ^(2^12) transforms as 

F(z' 12 )=K(z 2 ;g)F(z 12 )K(z 1 ;g) 
In particular, with eqs.( 4.50 , |4.56|) , this gives the transformation rule 

X' 2X = L( y z 2 ;g) t X 21 L( y z 1 ;g) 



det X[ 2 = n 2 (zi, g)tt 2 (z 2 ; g) det X s 
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(4.57) 

(4.58) 
(4.59) 



where Q(z; g) is given by 



Q(z; 



det L(z; g) = sdet K(z; , 



(4.60) 
(4.61) 



If we write 

%s) = L(z;#)/^;<?) 1/2 

then L G Gl, the group of 4 x 4 matrices satisfying the reality condition eq.( |4.53|) and 
det L = 1. 

Corresponding to eq. ( f4.42| ) V^{z 2 x) transforms as 



V(z' 21 ) = U- 1 (z 2 ;g)V(z 21 )U(z l] g) 



(4.62) 



4.3 Transformation of Vectors 

If 



7 B R B A (z;g) = L(z;g) 7 A L(z;gy 



then R^(z;g) is identical to the definition (|3.2|) , since infinitesimally 

A(^) 7 A - £(zh A - ^(zf = X(zh A - ^ B u(z) A = ^ B d B h A (z) 



(4.63) 



(4.64) 



as a consequence of eq. ([4 . 7|) , which agrees with eq.( |3.13| ). Furthermore eq.( [4.63| ) shows that 
the definition ( p.3|) of Q(z; g) coincides with eq. ( |4.60| ). 
From eq.( [4.63| ) 

^Riiz- g) = L(z; gh A L(z; gf (4.65) 
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where R = R/Q £ S0(1, 5) ~ G L /z 2 . 

The matrix, TZ^ B (z] g), given in eq. ( |3.5|) for the (N, 0) case becomes 



n A B (z;g) 



R A B (z;g) i{^{z-g)^ A L{z-g)f 



v LftegWteg) 
and so transforms under the superconformal transformations as 



From eqs.( |4.58| , |4.63| ) tr('-y A Xi 2 'y B X 2 i) transforms covariantly as 

tr( 7 A X{ 2l B X^) = tT{ 1 c X l2l D X 21 )R c A {z l -g)R D B {z 2] g) 



4.4 Relation to Superinversion 

If we define 



I{z) 



I{z) 



ix- 1 -2ixZ 1 9 j 
W(z) 



-ix 1 







-2m^ V-\i(z) 



where Vi 3 (z) is given by eq. (|4.26| ), then using d % Vj{z) = x+x. 1 ^ we get 



Z{z) ee Z(z)I(z) 



Z(z) = I(z)Z(z) 



iy_ 1 -2f 
-2fa <V 



where z A = (y A , £ R^ 8Ar is defined in eq.( |3.59|) . 
We may also write 

G r (z)Gj(z) = G f (5) = 



1 
-iy+ 1 2<^' 
24 
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where 

Note 
and 



GAz) 



ix_ 




IZ- 1 1 





-2txZ 1 9 j 
29i Vj{z) 



Z(z) = G f (z)Z(0) Z(z) = Z^Gfiz)- 1 

Gj(z)Z(0) = Z(0)I(z) 



MSN 



Gf(z) forms the group of supertranslations acting on z E 

Z(z), Z(z) transform under the superconformal transformation, z 
eqs.( ^4gi^55D 

Z(z') = G(g)- 1 Z(z)K(z;g) 



9 i i ~i 
Z > Z - 



(4.72) 

(4.73) 
(4.74) 

z', from 
(4.75) 



where 



Z(z') = K{z;g)Z(z)G(g) 
k(z;g)=I(z)- 1 K(z;g)I(z') 

' 7° 



K(z;g)=I(z')K(z;g)I(z)- 1 = ^ 
With Z21 — > S21 we may write from eq. ([4.70|) 







! )K(~z;gY 



7 
-1 



(4.76) 



Z(zTi) 



-1 







\ —2i9 2 uX- ! 



1 5; j 



-iX£ 1 2iA£ 1 0* 1 



2i6 21t X 12 1 
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which transform, using eqs. ( |4.35i j4.41[) , according to 

u( Zl ) + \\{ Zl ) 



(4.77) 



5Z(zTi) = M ( Zl )Z(zTi) - Z(zTi) 
' Q{zi) - \\{z x ) 



Taking 

G{i B )~ l 



5Z(zTi) 



I i*/ B 
-i-f B 

v r/ 







t(^) ; 



(4.78) 



e fM s 



M. 



/ i7 B 

-«7 B 

1 ^lmR 

\ 7T 



(4.79) 
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and 

K(z;i B ) = I(z) (4.80) 
gives the realization of the transformation, z z', given in eq. Q3.7ip 



Z(z') = G{i B )- 1 Z{z)K{z; i B ) (4.81) 



From eq.( |3.24|) L(z; i B ) = x + 1 7 B satisfies eq. (|4.53| ). 



Eq.( |4.81|) induces 

Z{z') =K(z;i B )Z(z)G(i B ) (4.82) 



where 



R 

Note that G(i B ) 2 = -1 and K(z;i B )K(z';i B ) = -1. 
4.5 Functions of Three Points 



K(z;i B )=( T l)l(z) (4.83) 



In a similar fashion to eq. ( |4.22| ), a corresponding function F(z) for zA = (y A , <p l ) G R 6 \ 8N is 
given by 

2(pi 5i 



HD = I 7r 7, (4-84) 



With this definition we may write 



zYi+ 2${ 



where 

with 
Using 

one can show 



= Ffa) = [ tf / ) (4-85) 

Il+ - ^31 ^-32^-12 

(4.86) 

$ M = $^7° = = ife^ 1 - fewA^ 1 ) (4.87) 

^12 + ^23 = ^13+4^23, (4.88) 

Yi_ = y 1+ - = -X 21 1 X 23 X 13 1 = -Y{ + 

Yi = |(Y 1+ + Yl) = -Y* = Y/ 7 a 
26 



(4.89) 



Hence we may define z/ = (Yf, $|) G R^ 8iV . 

It is evident from eqs. (|4.86|,|4.89|) that under z 2 <-> 23, Zi — ► — Zi. 

From eq.( [4.78| ), F(Zi) transforms infinitesimally as 



SF(Z 1 



T( Zl ) ) yi) 1 X> \ T{ Zl ) 



and hence for finite transformations 



-it 







^ U( Zl] g)- 1 ) x U{ Zl ;g) , 

Thus Zi transforms homogeneously at z%. Explicitly we have from eq.( |4.9lD 



(4.90) 



(4.91) 



Y'=L(z 1 ;g)- 1 Y 1+ L(z 1 ;g) 



-it 



(4.92) 



$? = L(^)- 1 $i^i;<?) = U-ij^g^L^g)-" 

Yi_ also transforms in the same way as Y 1+ in eq.( |4.92 ). 
In a similar fashion to eq. (|4.24| ) we get 

sdet F(z7) = det Y 1+ = det Y x _ = - 6 32 

det A31 det Ai 2 

It is useful to consider Zi = (Y^-,<§>\) - — ► Z\ = (X^,Q\), where z _1 is the inverse of 
superinversion given in eq. ( |3.62| ) 

(4.94) 



(4.93) 



X 



i± 



.v-i 
1 1± 



Q\ = -iYil<$>\ 



By taking cyclic permutations of Zi, Z2, z% in eq.( 4.8£ ) we may define Z2, Z3 and hence Z2, Z3. 
We find Z 2 , Z 3 are related to Zi in a simple form 



F(Z 2 



F(Z 3 ) 



iA5 
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V(z 21 ] 



f(-zi; 



12 







v(^i 



1-1 





V(*3l) 



F(-Z! 



(4.95) 





V{z 13 ) 



where F is given in eq.( |4.22 ) 
Explicitly we have 



X 2+ — X 2 \i\-Xi2 



ei = -ix 21 ^{v i i (z l2 ) 



(4.96a) 



Y3+ — X l3 Xi_Af 31 



$ 3 = ia^eta *(* ls 



(4.96b) 
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If we define a function V(z) G Sp(iV) for z G M 6 ! 8 ^, analogous to V(z) in eq. (|4.26|) , by 



V. i(z) = 8t j + 4^YlV j (4.97) 

then one can show 

V(zi) = V(z 13 )V(z 32 )V(z 21 ) (4.98) 

V(Zi) transforms as 

V{%!) = U-\ Zl ; g)V(zi)U( Zl ; g) (4.99) 

Note also that with z — % —> z 

V(z) = V(z)- 1 (4.100) 

5 Reduction to Four Dimensions 

The reduction of the conformal group to four- dimensions may be defined as the subgroup 
such that 

a A = b A = u^ A = A = 4, 5 (5.1) 

where \i = 0, 1, 2, 3. 

In the super conformal case, from eq. ( |3.78| ), it is necessary therefore to require 

ea A e H = Pa A p H = EijlAjdp* = A = 4, 5 (5.2) 
To solve this, we first decompose e % = e\ + e % _ where 

^74754 = ±4 (5.3) 
Defining £_y = (e^'j as in eq. (|2.21|) we have 

i7475£±i = t4* ( 5 - 4 ) 

Since ^y^ 1 ^ 2 ^ 3 ^ 4 ^ 5 = — 1 ; e l ± are chiral spinors in four-dimensions. We may also decompose 
p % in a similar fashion as p l = p\ + p*L where now 27475/4. = ±p l ±. 
Since 27475 satisfies 

7^(^7475) = ±(i747s) V { -I 11^=0,1,2,3 (5 ' 5) 
eq.(|5.2|) becomes 

e + a A e'i + e-a A e'l = p+cfp/L + P-Ci A P% =0 

(5.6) 

e +i ^ A Y ] P- + £-i7 [A 7 Ml p+ = A = 4, 5 
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To solve the conditions ( |5.(j| ) we require e + i, p + i to be orthogonal to e l _, p l _ when contracting 
the indices i. The solutions for e % ± define spaces V± where e % ± G V± and since, by virtue 
of eq.( |5.4| ), complex conjugation interchanges V + and V_, we must have dim^/ + = diml 7 .. 
The maximal solution of eq.( |5.6| ) occurs when we reduce half of the degrees of freedom for 
the spinors so that dim\^ + = dimVl = N. Using a basis where 



27475, -«7475 



1 
-1 



(5.7) 



the solution can be written, using the freedom of Sp(iV) transformations, in the form 

P i = ( ° C ) a = l,2,---,N (5. 



B a 



" ^ e at J 
and so following eqs. ( |3.34) , |3.39| ) 



e a 
-ei 



p a 




pi 



(5.9) 



The representation^ of 7^, 7^ may be chosen such that s% = e aa \ p% = p\ a a,a = 1, 2. 
Since, from eq. ( |3.78| ), ^T- 1 , p^T- % should remain of the form (|5.8|), it is necessary to restrict 
the Sp(iV) generators, to the form 



t\ + i<f>5 a b 

-(f)*-W> 



(5.10) 



where t G su(iV), <p G S 1 . With this form Sp(iV) -> SU(iV) x U(l) 

After reduction to four- dimensions, the matrix representation of superconformal algebra, M, 
given in eq. (|3.79| ) decomposes as 



M = M+ + M_ 



where, with co> 45 = —if), w = \ui nvCF^ cr h ', w 



M_ 



-C-^MiC 



(5.11) 



Ma 



( (w + \\ + i\ip)p+ 
—ib- a r_ 



\ 



2p a p^ 



—ia-ar + 2sbP+ 
(w — \\ + i\ifi)p- 2p b r_ 

2e a r + {t\ + i<f>8\)p + 



(5.12) 



7 See Appendix A for a particular choice of representation for 7 M ,7 M compatible with eq.(5.9) 
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and we define 




V- 






(5.13) 



Since p\ = t + t_ = p + , pi = t_t + = p_, p + r + = r + p_ = r+, p_r_ = r_p + = r_, 
the form of M + is closed under multiplication and also [M + ,M'_] = 0. Hence M + alone 
defines the four-dimensional superconformal algebra, and it can be naturally reduced to the 
(4 + N) x (4 + N) matrix, M 



M 



( w + \\ + i\ij) 
—ib-a 



V 



2p a 



—%a-a 
w — |A + 

2e a 



2e b 



\ 



J 



(5.14) 



where we impose str Ai = strM + = i(2ip — Ncf)) = 0, removing a U(l) factor, which is 
consistent with str [M, A4'] = 0. For general N the i?-symmetry group is SU(iV) x U(l). 
When N = 4, however, it is evident from eq. (|5.14|) that M. = M.q + i\ip 1 where M.q is of 
the form ( |5.14j ) with ip = 0, so that ip parameterizes a U(l) invariant subalgebra. Hence 
in this case we may set if) = and reduce M. to M.q. The associated U(l) symmetry is an 
ideal of four- dimensional N = 4 superconformal symmetry, so that the /^-symmetry group 
is just SU(4). 

From eq.(p3.82[) the hermiticity condition becomes 



BMB 



-i 



B 




(5.15) 



5.1 Reduction of Superspace 



The reduction of 



„6|87V 



superspace to four- dimensions is defined for z A = (x , 9 l ) by setting 



x = x = and, as in eqs.(|5T%|,|5"!D, restricting 9 l to the form 



o e a 

-91 



(5.16) 



Hence z A 



{X* 



9 aa ,9°) e R 4|47V and the six-dimensional infinitesimal supersymmet- 



ric interval is furthermore projected into four-dimensions, e A (z) — > e (z), where 

d9 aa , 6.9°) ef*(z) = dx» + id9 a a»9 a - i9 a a»d9 a (5.17) 



e M (z) 
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x-b defined in eq.( |3.23| ) is of the form 

x± = 

Note that 



X±-<7 



x ^ = x> 1 T iO a a^9 a 



(5.18) 



x±-a = x-a ± 2id a a (5.19) 

The four-dimensional superconformal transformations are now realized by restricting the 
six-dimensional (N, 0) superconformal transformations as in M — > M. with the group of di- 
mensions (15 + N 2 \8N) if iV 7^ 4. We then get iV-extended superconformal transformations 
in four-dimensions from eqs.( |3.4l] , |3.42a| ) 



S0 a = e a + |(A + in)6 a - 6 a w + t\e h + 6 a b-ax + -a - ip a x+-a - J6 a p b ) 6 b 
8x + -a = x + -a b-a x + -a — 4x + -a p a 9 a + \x + -a + wx + -cr — x + -aw + <Hs a 9 a + a- a 



(5.20) 



where ft — (-^ — When N = 4, we get Q = and the transformations are independent 
of ip which is consistent with the reduction of the superconformal algebra in this case. 
Z{z) and Z(z) defined by eqs.( |4.14] , |4.18| ) can also be decomposed in a similar fashion to 
eqs. ( |5. 1 1 , |5. 12|) by writing 



where 

Zjz) 



Z(z) = Zjz) + Zjz) 



—ix + -ar + 26 b p^ 
V- 
29* t+ 5%p+ 



Z(z) = Zjz) + Zjz) 



Zjz) 



p + ix_-ar + —28 b p^ 
-26 a r + 5%p+ 



(5.21) 



(5.22) 



and Z-(z), Z-{z) are given by 



Zjz) = c-izi(z) ( 



1 
£ 



Zjz) 



1 
-£ 



Z + (z)*C 



(5.23) 



Just as M + — > A4, we can similarly have 
Zjz) -> Z(z) = 



—ix + -a 29 b 
1 



26° 



6\ 



(5.24) 



Zjz) -> Z(z) 



1 ix--o —29}, 







-2# a 5\ 
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Infinitesimally Z(z),Z(z) transform, from eqs.( |4.4lj| , |4.55| ), as 

8Z{z) = MZ{z) - Z(z)H(z) 



where 



H(z) 
H(z) 



5Z(z) = H{z)Z{z) - Z{z)M 

<b{z) - \\{z) + i\i){z) 2p b {z) 

" i\{z)+i^{z)5\ 



(5.25) 



w(z) + \\{z) + i\i){z) 
2~p a (z) 



(5.26) 





t\{z) + i^{z)S a t 



with 



w{z) — \\{z) + i\-ip{z) = w + Ap a 9 a — b-ax + -a — |A + i^ip 

w(z) + \X(z) + i\i){z) =w- A9 a p a + x^-ab-a + \\ + = -${?) - \\{z) + i\i){z)) ] 



t\{z) + i^(z)6% = t\ + 4iO a b-a6 b + 4{p a 9 b - 9 a p b ) + b 



Pa{z) = p a - ib-a9 a 
In general, with z A - 

where 



p a (z) = p a + i9 a b-a = p a (zY 



z^ G M 4 ' 4Ar , F(z) defined in eq.( |4.22| ) can also be decomposed as 
F(z) = F + (z)+F4z) 

( -ix + -crr + 29 b p + \ 
{ 29 a r + 6%p+ ) 



(5.27) 

as 

(5.28) 



Fjz) 



Fjz) 



(5.29) 



Analogous to eqs.( ^22| , ^25| , ^26|) we define for any z M = (x», 9 aa , 9%) G M 4|47V 



T{z) 



-ix+-a 29 b 
29 a 5\ 



so that F + (z) — > J-"{z). Furthermore 

( 1 

I -2i9 a (x + -a 



1 ,w ; )m 



1 -2i{x+-5)- 1 9 b 
1 



-ix + -a 
v\(-z) 



(5.30) 



(5.31) 
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defines 

v a b ( z ) = 5% + Ai—e a x^aO b (5.32) 

X 

which satisfies 

v\{-z) = v- la b (z) = v\{z) (5.33) 
The superdeterminant of T{z) is given by 

sdet F(z) = -xi (5.34) 



and also from eq. (|5.31 



x 2 



detv(z) = ^ r (5.35) 
x+ 

In the above, we considered the reduction R+ 87V — > ]R 4 l 4Ar . Alternatively we may consider 
the reduction of M. 6 } 8N superspace. For = (y A , <p l ) G R 6 } 8N we set y A = y 5 = and, 
analogous to eq. (|5.16| ), 

Hence z A — > zr = (y M , <j> a , <fi a ). 

After reducing to four- dimensions, R± 8N —>■ R 4 I 4JV , the superspaces are no longer inequiva- 
lent. This is apparent by using the reflection transformation r 5 defined by eqs.( p.6S| , |3.69| ) 
with the Sp(iV) transformation R given by 

r/ = ( £ ~ c Q ab ) c% c = s a c c b = c a a = (c ab r (5.37) 



T7 1 



which satisfies eq. fl3.73p . Letting now R 6 _\ 8N — - — > R+ 8N — > M 4 I 4JV , we get z A — > z^ 
(a; M , 8 a ,9 a ) where x M = y^ and 



Qa = _ C «60* e -i e a = e-^Cba (5-38) 



In a similar fashion to eq. ( |5.18| ), j± = y ± 2z0 l 0j reduces to 

y± = ( y ^ a ~^ a)t J ^ = y*» ± ^<7^ a = a£ (5.39) 
where we may also write 

y±-a = y-a T 2# a a (5.40) 
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In a similar fashion to eqs. (|5.28| , |5.29|) , F(z) defined in eq.( [4.84| ) can be decomposed as 



F{z) = F + {z)+F_{z) (5.41) 

where 



F (9) = I - i V~- ar - 2 ^ r - 
+ y ' \ 2(f> a p+ 5\p+ 



FM) = I I ° Uf-i)'' 1 



(5.42) 



Hence we reduce F + (z) to T{z) 



S +y MO -e 



-iy_-a 2(f> b 



With eq. (|5.38|) T{z) is related to T{z) as 



^) = (V -c)^)'( e o' -°c) < 5 - 44 ' 



f 4|4iV 



5.2 Superinversion in 

In the four-dimensional superspace, K 4 ' 4Af , superinversion may be defined by the reduction of 
is, given by eq. (|3~7T|) with R as in eq. (|5~37|) . This definition gives z M -> z'^ = (a/", # /aa , #f) 
where 

x ^ = -^| r' = -i|rt4( ta ^ = i4-e~ 1 a: + -^ W C6a (5-45) 

This may be rewritten as 

1 = 

x 



o ,a = i— e a x--a e a = -c ba eie 



1 



(5.46) 



9' a = -i—x + -a9 a 6 a = e6 b Xb. 

x± 



which is just the conventional definition of superinversion in four-dimensions. 

In six-dimensional superspace the transformation i§ belongs to the connected superconfor- 

mal group and restricting to four- dimensions we may write from eqs.( 4.79| , |4.80|) 



G(i<sY l = G + {i h )~ x + G^)- 1 K(z; i 5 ) = K + (z; i s ) + K^z; i s ) (5.47) 
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where 



e _1 p_ 

G+t^r 1 = I tp+ o o 

( ab r- 



i{ex + -a)- l T_ -2i(x_-5-)- 1 ^ c C cb P- 
v a c (z)C cb r + 



v \(z) = 5 a b + Ai—9 a x_-ad b 

OC 

and G-iiz,)^ 1 , K^(z; i 5 ) are given by 

G^)- 1 = C- 1 G , + (i 5 ) t C K_{z- i 5 y = 

Then z 2/ is given by 



det v(z) 



x 



.L _i 



-7° \ x / -7° 



which can be reduced to 

Q{i)- x Z(z)K,(z-i) 

where 



( 1 

ix'_ : a l -29 ,at | =Z(: 
V 2^ V 









\ 


-1 










~Cab 


) 



fC(z; i) 



i{ex + -a)- 1 2i(x_-a)- 1 9 c ( 
-v a c (z)( cb 



Similarly we have 
where 



iC{z-i)Z(z)g{i) =Z(z 



lC(z] i) = 



—i(x--ae) 1 

2lCacO C {x + -d)- 1 -( ac V-\( Z ) 



v- la b (z) = v\(z) = v\{-z) = 6% - ^9 a x + -a6 b 



Ob J. 
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5.3 Functions of Two-points in 

For two points, the supersymmetric interval zf 2 defined in eg. ( [4.3| ) can be reduced 



x 12; a 12 ) V 12a) — Z \ 



N 

21 



-12 



Now we have from eqs.( |5.22| , |5.29|) 



Z + (z 2 )Z + (z x ) = FJz X2 ) 



ix- 2r dT + -29 2Xb p + 

-2^r + <*>+ 



where 



x% x = z£_ - x? + - 2i0?<7"0 2a = a& + i^hu = O21)- 
Similarly we write 

o> = - x£+ - 2i9^9 la = x1 2 + iO a l2 a»6 
In terms of eqs. (|5.24| , |5.30|) (|5.56|) is reduced to 



[x 



12) 



12a — (^12)- — —( X 2l) 



Z(z 2 )Z(z x ) = F{z X2 ) 



ix 2X -a -202ib 
-20| a 5\ 



From eg. ( |5.34|) 

sdet ^-"(^12) = — x\2 
Infinitesimally T{z X 2) transforms, from eq. (|5.25|) , as 

8T{z X2 ) = H{z 2 )T{z X2 ) - T(z X2 )H{z x ) 

From eqs. (|5.51| , |5.53| ) under superinversion 



K{z 2 \i)T{z X2 )K{z x \%) = T{z 



1 y 

12) 



which gives using eq. ( |5.59|) 

(x2--a-y 1 X2 1 -a(x x+ -ay 1 = 

By considering J r (z X 2)~ 1 we may also show 

-1 



x 



-X 12 <J 



x 



21 



J2 _ 

12 — 2 „2 

X 2 _ X X + 



Cv L (z 2 )v(z 21 )v(z 1 )C ! = v{z' 2i y 



(5.55) 

(5.56) 

(5.57) 
(5.58) 

(5.59) 
(5.60) 
(5.61) 

(5.62) 
(5.63) 
(5.64) 
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5.4 Functions of Three-points in r 4 ' 47V 

For three points, just as in the six-dimensional case, we may define G M 4|47V which 
transforms homogeneously at Z\ G R 4 ' 47V . With eq. ( |4.85| ) 



m) - ( ■%« 2 *; ) (5.65) 

where 

Y x _-o = (x3r5-)" 1 X32-a(xi2-5-)" 1 

$ia = i(x3 V ay l 9 31a - ?(x2rCr) _1 ^21a (5.66) 

Using 

xi r a + x- 2V d - 4:ie 21 a0i 3 = x 23-& (5-67) 
one can show the consistency condition 

Y 1+ -a = Y x _.<j - 4i$ la l>? = -(x 2r( T)- 1 X23-a(a; i 3- ( T)- 1 = (y 1 _-a) t (5.68) 

which is necessary to define TL\^ = (X M , a , a ) G R 4 ' 47V with a , a defined according to 
eq.(p8|). 

From eq.( [4.90| ), Ti^L\) transforms infinitesimally as 



<b( Zl ) - \\( Zl ) + i\i)( Zl ) 
i(zx)+ij 

w(zi) + fA(zi) + i\i(z x ) 



\ +z^V(zi) / 



(5.69) 



- ^(Zi) 







6 Superconformal Invariance of Correlation Functions 

In this section we assume that there exist quasi-primary superfields, ^ 1 {z) which under the 
superconformal transformation, g, where z^z' transform as 

_L> y>i m'l^') = ^J( z )D/(z; g) (6.1) 

D(z;g) obeys the group property so that under the successive superconformal transforma- 
tions, g" : z — >• z", it satisfies 

D(z;g)D(z';g') = D(z;g") (6.2) 
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(6.6) 



and hence also 

D{z;g)- l = D{z';g- 1 ) (6.3) 

We choose here D(z; g) to be a representation of S0(1, 5) x Sp(iV) x D, which is a subgroup 
of the stability group at z = 0, where D is the one dimensional group of dilations, and so 
with ty 1 = ^> pr it may be factorized 

D/(z; g) = D;(L(z; g))D r s (U(z; g))n(z; g)- r ' (6.4) 

where D p a (L), D T S (U) are representations of Gl, Sp(iV) respectively and since ft(z; g) sep- 
arately satisfies eq.( |6.2| ), Q(z; g)~ v forms a one dimensional representation of D with rj, the 
scale dimension of \E ,pr . 
Infinitesimally 

6W*(z) = -{C + t]X{z))^{z) -^ r {z)\{s AB )J>Q AB {z) -^P'{z)\{t i i ) a r t j i {z) (6.5) 
where sab, V are matrix generators of SO(l,5), Sp(iV) satisfying 

[sab, scd] = -VacSbd + VadSbc + VbcSad - VbdSac 
[t/, h l ] = -5 k H t l + 6M - EH* + E tk P l 
where t kl = t ik = t k m E mi , P l = & = t m l E m K Thus 

[±t/T 1 /,±t k % l k ] = ±t/[T 1 ,T 2 ]/ (6.7) 
From eqs.( |4.16| , |4.17| ) using eq.( |6.6| ) we have 

5 3 ^ = [5 2 ,5i]^ (6.8) 
Superconformal invariance for a general n-point function requires 

(^( Zl )^(z 2 )...^(z n )) = (^( Zl )^(z 2 )...^(z n )) (6.9) 

6.1 Two-point Correlation Functions 

The solution for the two-point function of the quasi-primary superfields, \l/ pr , has the general 
form 

{^{ Zl )^{z 2 )) = c i^A^^wn (6 10) 

(det^ 12 )i" V ; 
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where we define 



X, 



X 



12 



12 



(detX 12 )l 



(6-11) 



and I pcr (Xi 2 ), I rs (V(zi 2 )) are tensors transforming covariantly according to the appropriate 
representations of G^, Sp(iV) which are formed by decomposition of tensor products of 
X 12) y(zu), where V(z 12 ) is given by eq.( |4.26|) . 

Under superconformal transformations I pcr (Xi 2 ), I rs (V(zi 2 )) satisfy from eqs.( |4.58| , |4.62| ) 



D(L(z 1 ; g)) t I(X 12 )D(L(z 2 ; g)) = I(X' 12 ) 



(6.12a) 



D(U(z i; g)Yl(V(z 12 ))D(U(z 2 ; g)) = I(V(z' 12 )) (6.12b) 
As examples, we consider the spinorial fields, cf) a (z),(f) a (z) which transform as 

<f)> a (z>) = n(z;g)-y' 3 (z)L f3 a (z;g) (6.13a) 



^ a (z') = Q(z;g)^L c f(z' ] g- 1 )Mz) 



so that s AB -> \l[AlB]- 
The two-point functions are 



(0 a (*i)^te)) = C 4 



I a/3 (X 



12) 



12 



■yat/3 



(6.13b) 



(6.14a) 



Iap{X': 



12, 



(det^ 12 ): 



I aP {X 12 )J aP {X 12 ) satisfy 



I af} (X 12 )I^(X 12 ) = S°L 



Iap{X\ 2 ) — (X 21 ) 

a 



(6.14b) 



(6.15) 



For a vector field, V (z), where the representation of is given by R A (z; g), we have 



(V A ( Zl )V B (z 2 )) = C v 



I AB (X 



12, 



{detX 12 )^ 



l AB {X X2 ) = M^X^Xn) 



From eqs.( 2.11b , |A.la|) and using X\ 2 — X 2 \, det Xi 2 = 1 we have 

{X{ 2 ^AX 2 i) a (3 = \^ a p-jS{.X 2 i^ A X 12 ) 1& 

39 



(6.16) 



(6.17) 



which implies with eg. ( [2. 11a ) 

Iab{Xi2) = itr(7A^i27B^2i) = ^{iaX^xIbX^ 
Hence / (A42) satisfies 

I AB (X 12 )I CB (X 12 ) = 5 A C 



Note that I{X 12 ) oc R(zi 2 ;i), where R(z;i) is given by eq. fl3.65Q . 

For a scalar field, and a symplectic field, ip l (z), which transforms as 



the two-point functions are 



r{z>) = n{z ] g)-^{z)UMz ] g) 



(S{ Zl )S(z 2 )) = C s 



(det#i 2 )5" 



(6.18) 
(6.19) 

(6.20) 
(6.21) 



W{z x )^{z 2 )) = 



(det^i 2 )3" 



V*(z a ) = V k \z X2 )E 



hi 



The uniqueness of the two-point function can be shown using the method in [13 



(6.22) 



6.2 Three-point Correlation Functions 

The solution for the three-point function of the quasi-primary superfields, \l/ pr , has the 



general form [13 1 



nrwirwtn*)) = ^ l ^ l ^ I TH F '^ ))H ''- , ' Mil) (6 . 23 ) 



(detAf 31 )3"(detAi 2 )3 



»/2 



where z/ = (Yf , $j) e K^ 87V is given by eqs. (gg§ , ggg ). 

Superconformal invariance ( |6.9|) is equivalent, from eqs. (|4.59| , |4.92| , |6T2aD , to 



HP'\ STt (Z)D/(L) = D/{L)D T T \L)H^ alsTlt {-L') 



(6.24a) 



Z' 



(Y B R B A (L), L- 1 ^ 
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H^ aSTt {z)D r r{U) = D/(U)D/(U)HP\ s , Tt ,(Z» 
Z'" A = (XY A , \W) 



(6.24b) 



(6.24c) 



Note that L e G L , U G Sp(JV), A G K and R B A (L) is given by eq. ( |4.65| ). 

In general there may be a finite number, n, linearly independent solutions of eq. (|6.24a| ) so 

that the three-point function depends on n parameters. 
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Appendix 



A Notations & Useful Equations 

Using eqs.(p .7|,^9D one can derive 

(7^)^/3(7.4)75 = 2c e a/375 (A. la) 

(l A T P (lA) 15 = e a ^ 5 (A.lb) 

where €1234 = e 1234 = 1 and c is a constant, equal to the Pfaffian of 7 , which can be without 
loss of generality taken to be —1 to get eqs. (|2.11a| , |2.11b| ). 
Due to the identities^ 

7 [A 7 B 7 C1 = -\t ABC DEFl D l E l F 7 [A 7 B 7 q = \e ABC DEFl D l E l F (A.2) 

there are only 10 independent ^ A ^ B ^ and -y^y 8 ^! separately and both of them form 
bases of 4 x 4 symmetric matrices with the completeness relation 

(7W)^(W) 75 = -24(<VV + 5J5J) (A.3) 
The coefficient on the right hand side may be determined by 

il{l \A~B lC] ~ [DlE ~ F]) = Ae ABC DEp _ 2A5 [A D 5 B E 5 C] F (A.4) 

A particular convenient choice for 7^,7^ is 



- 




a* 
















(A.5) 

where e Q/ g, are the 2x2 anti-symmetric matrices, 612 = £12 = 1 with inverses, 
(e- 1 )^, (e- 1 ) 6 ^ and (^) Qd , (a^) da , // = 0, 1, 2, 3 are 2 x 2 matrices satisfying 

o»a v + tr"^ = 277^ 7/"" = diag(+l, -1, -1, -1) 

= 2^5/ <^ = 2^ (A.6) 



We put e 012345 = 1 and [ ] means anti-symmetrizing indices with "strength one" . 
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We define the conjugate of D ia , Af to be 
A, : 



9 ./ AM\ 9 



A 



d6f dx A qq 

so that they satisfy the pseudo-Majorana condition 



9 +*(7^T 9 



dx A 



D = D j E 



Df = D^Sji 



B Derivation of Eqs. ( g^a gT^Q. gHHl. frm g^7l ) 

We recall eqs. ( ggjj , |3~25| ) 

£> te h^ = A*h> - 5JA 5 h <5/3 ) 

h(x, 0) = x_b(#)x + + W(0)x + + x_W*(0) + A(0) 
Writing \l/ aj g 7 = Aab/3 7 (#), = x^ 7 ^/^, the x 2 terms read 

3x 2 ^ af3l = x /3a ^ 7 - y-ya^p 

and so 



Contracting with x 7/3 gives 



2* a = 3x 7 % Q 



Pi 



which implies 7^ 7 (2A/3b 7Q + 3Aab/? 7 ) = 0, and by eq.( p.9|) we get 

3-Dj a b^ 7 + Difjhja + = 

which gives Aabs 7 = — §A[ab/? 7 ] = 0. Thus, b(#) is independent of 9. 
Now the terms linear in x read 



3D ia (W(6)j A )^ = 8£D tS {W{9)^ A )^ - S c ^D l5 (W(9) 1 



Contracting with j^de gives 
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Contracting with 5 s again, we get 

2(D lQ W^ - 8j*D n W s 5 ) = D iS W\y i} - D i{a W P 7} - 3D l{a 5^ } W s 5 
The right hand side is symmetric over a «-> 7 and so 

D ia W^ - 8j>D n W s 5 = D i7 Wi - 5^D ia W s 5 
Contracting with 5 a p gives D ia W a p = 4D il3 W^. Substituting this back into eq. 

B ia W% - 5 a p D^W s s = -5{D^W p a - 5^D ia W s s ) 
which implies eq. (|3.30|) and 

D jS D ia WP = -SjD^DjsW^ = -D iy D ja W p s = 5^D ja D iS W% 



Contracting with 5g gives 



which implies DjpDjaW" 1 = and so eq. (|3.31|) . 
Acting Djs on eq. (|3.35| ) reads 



D jS D ia A^ = D iS D je A^6^ + 6 s [l3 5jD ie D jv A^ 



Contracting with 5 a p gives 



3D iS D ia A^ + D l5 D ja A^ = -5 5 ^D ie D jr] A er > 



The right hand side of which is symmetric over % <-> j, and so 

D ia D j0 A^ = D ja D ifS Pj* = -l5JD i£ D jv A^ 
Substituting this back into eq.( p.l4j) reads eq.( [3.36| ). Eq. (|3.36|) implies 

D ia D j0 D k7 A^ = D jP D hl D ia A^ = -\D ja D kp D^ 
and so D ia DjpDk~,A /3 ' y = 0. Therefore, we get eq.( |3.37| ). 
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C (TV, 0) Superconformal Algebra 

We write the superconformal generators in general as 

X = a A P A + SiQ* + XD + \uo AB M AB + b A K A + + \T, 1 A/ (C.l) 

where the Sp(iV) generators, A/ , satisfy A^ = —A, A l E + £ A = 0. 
The (N, 0) superconformal algebra can now be obtained by imposing 

[Xi,X 2 ] = -iX3 (C2) 

where Xi is defined by substituting (cr 4 , e\ A, u AB , b A , p\ T i 3 ) by the corresponding coeffi- 
cient appearing in eq.( |3.78|) . From this expression, we can read off the following (N, 0) 



(C.3) 



(C.4) 



superconformal algebra. 

• Poincare algebra 

[P A , P B ] = [M AB , P c ] = i(vacPb - VbcPa) 

[M AB , M C d] = i(r]AcM BD - r] AD M BC - r] BC M AD + r] BD M AC ) 

• Supersymmetry algebra 

[P A ,Q i ] = {Q\ Q j } = 2£ i ^ A P A 

[M AB ,Q i ] = i^ [J a B] Q i 

• Special superconformal algebra 

[K A , K B ] = [Mab, Kg) = i(vA C K B - Vbc K a ) 

[K A , S l ] = {S\ Si} = 2£ i ^ A K A (C.5) 

[M AB ,S i \=i\z f[AlB] S i 

• Cross terms between (P, Q) and (K, S) 

[P A ,K B ] = 2i{M AB + r] AB D) 

[Pa, S*} = ~ lA Q % [K A , <7] = lA S i (C.6) 

{Ql S^} = ie*(26j , D + (i [A i B] )£M AB ) - Ai8fA ij 
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• Dilations 

[D,P A ] = -iP A [D,K A ]=iK A 

[D, Q 4 ] = -i\Q { [D, S'} = i\S l (C.7) 

[D,D] = [D,M AB ] = [D,A^] = 

• R-symmetry, Sp(iV) 

[A/, A£\ = i^A, 1 - 5M k 3 + £ jl A ki - S ik A») 
[A*, -8*0*) 

(C.8) 

[A/,P A ] = [A^K A ] = [A/,M AB }=0 
where A^ = A jt = AfE kh A ij = A ji = A k ^S ki . 

D Realization of 0(2, 6) structure in M 

We exhibit explicitly the relation of the six- dimensional conformal group to 0(2,6) by 
introducing eight-dimensional gamma matrices with R — 0, 1, • • • , 7 

( I* T ) 

£ R , t R satisfy 

+ E SvjK = 2G /?5 (D.2) 
where G RS = diag(+l, —1, —1, • • • , — 1, +1). In particular, here we choose S R , S R as 

M--) 



D.3) 
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E R , T, R satisfy 

( 7° \ y ( 7° 
1 7° J Si? 1 7° ' ^ 



(D.4) 



i o ) Er ( i o - ~^ Rt 



For the matrix, M, given in eq. fl3.79D , we may now express the 8x8 part in terms of E^E 5 ] 

= W£ [ *£ 5] (D.5) 



to + |A — za 



I — zb co> — , 
where c^ 67 , cja6, are given by 

^67 = A u M = a A -b A uj A7 = a A + b A (D.6) 

E RS = lE^E 5 "] generates the Lie algebra of 0(2, 6) 

[E RS , E TU ] = -G RT E SU + G RU T, ST + G st Tj RU - G su Tj RT (D.7) 



Eqs. (|3.82| , |3.83| ), the conditions on M, are satisfied by eq. (P. 1| ). 



The result on superinversion ( |3.67| ) corresponds to the reflection of the sixth axis. 

E Superconformally Covariant Operators 

In general acting on a quasi-primary superfield, ^ pr (z), with the spinor derivative, Di a , 
does not lead to a quasi-primary field. For a superfield, \l/ pr , from eqs. (|4.10| . |4.11|) we have 



D ia 6^ r = -(£ + (77 + \)\)D ia ^ + CjJD^ - D ia ^ r \(s AB uj AB )J> 

(E.l) 



We may connect the generator of to S0(1, 5) by 

sj ee -|sa B (7 [ ^7 B1 )/ (E-2) 

where 



[sj,s 7 s ] =25 a \f ) -26fs a s (E.3) 
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so that Sa^" = sab& ab and then 

Y^ = V^Sf-5^ Sc f + 2t^f (E.4) 

To ensure that D ia ^ pr is quasi-primary it is necessary that the terms proportional to p 
vanish and this can be achieved by restricting D ia ^ pr to an irreducible representation of 
Gl-i Sp(iV) and choosing a particular value of rj so that = 0. The change of the scale 
dimension, 77 — > r\ + |, in eq. (|E.l|) is also apparent from eq. (|4.67|) 



Aa = n(z;g) 1 / 2 L£(z;g)U i j (z;g)D' (E.5) 
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As an illustration we consider tensorial fields, ^^l 1 „• „• , which transform as 



EvjvQil— 7— ax ~ a p , ~ 7 x T,ai-"«; 

p=l q=l 

n 
r=l 



In this case we have 



p=l q=l 



\r=l 



(E.6) 



(E.7) 



+ (rj + \l - \m) V^:.X ir ., n 
In particular, eq.( |E.7| ) shows that the following are quasi-primary 

D^aVfr-Mh-in) if ?7 = 2n - |m (E.8a) 

^ , (i[a^/3 1 .../3 m ]u...i„) if 77 = 2n + f m (E.8b) 

%H^S;r ] if r ? =f-|/ + 2n (E.8c) 



48 



^M^Xf if V=f + ll + 2n (E.8d) 

D mK..4 n )-¥£D m ^ in) if „ = 2n-i (E.8e) 

where (), [] denote the usual symmetrization, anti-symmetrization respectively and obvi- 
ously eqs.( [E.8E>| , [E.8c| ) are nontrivial if m, I < 3. 



Now we consider the case where more than one spinor derivative, Di a , act on a quasi- 
primary superfield. In this case, acting on a general tensor field, there are inhomogeneous 
terms proportional to p^, as in eq. QE.lp , but also 

DiaPjp = ijihapEij (E.9) 

The latter terms can be eliminated by symmetrizing all the symplectic indices, 
while the p terms may vanish by a suitable choice of the scale dimension, rj. 
Hence, the following are quasi-primary 

D ih[ai --- D ikak y Pl ... Mh ... jn) if v = lm + 2n + 2k-2 (E.lOa) 

D (ilM • ■ ■ A fc |, fc |^.-3 fe/3l "' A1 if V = § + 2n - ll - \k (E.lOb) 

Note that 

D {i{a D m = (E.ll) 
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